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We construct a theory for the semiclassical dynamics of superconducting quasiparticles by following their
wave-packet motion and reveal rich contents of Berry curvature effects in the phase-space spanned by the position
and canonical momentum. These Berry curvatures are traced back to the characteristics of superconductivity,
including the nontrivial momentum-space geometry of superconducting pairing, the real-space supercurrent, as
well as the charge dipole of the quasiparticles. These Berry-curvature effects strongly influence the spectroscopic
and transport properties of superconductors, such as the local density of states and the thermal Hall conductivity.
As a model illustration, we apply the theory to study the twisted bilayer graphene with a dx2+y2 + idxy
superconducting gap function, and demonstrate Berry-curvature induced effects.
Introduction.– The Chern number of Bogoliubov-deGennes
band structure has commonly been used to characterize the
topology of exotic superconductors [1–10], while much less
attention has been given to the physical effect of themomentum
space Berry curvature which makes up the Chern number [11,
12]. In the presence of inhomogeneity due to external fields or
a supercurrent, we may also expect to find other components
of the Berry curvature in the phase space, such as those in
the real space as well as in the cross planes of position and
momentum [13]. Phase space Berry curvatures are known to
be important on the dynamics of Bloch electrons, ubiquitously
affecting equilibrium and transport properties of solids [14–
21]. It is therefore highly desirable to construct a semiclassical
theory for quasiparticle dynamics in superconductors, which
systematically takes into account these Berry curvatures, in
order to provide an intuitive and effective basis for analyzing
various response properties of superconductors.
In this Letter, we introduce the semiclassical quasiparticle
as a wave packet in the background of slowly varying gauge
potentials and the superconducting order parameter. Apart
from Berry curvatures inherited from the parent Bloch states,
we identify new contributions due to the non-conserving na-
ture of the quasiparticle charge and the phase space structure
of the order parameter which is nontrivial in all but the con-
ventional s-wave superconductors. The quasiparticle also nat-
urally possesses a charge dipole moment, which can couple
to a magnetic field through the Lorentz force and induce field
dependent Berry curvatures.
To demonstrate the utility of the semiclassical theory, we
discuss how these Berry curvatures modify the phase-space
density of states of the quasiparticles and the impact on elec-
tron tunneling spectroscopic measurements. We also present
results on thermal Hall conductivity due to quasiparticles, and
reveal its relationship with topological contribution from the
condensate that has been discussed extensively as a measure
of topological superconductors. We assume spin conservation
in this work for simplicity, and illustrate our results using a
twisted bilayer graphene model [22] with a d+id supercon-
ducting gap function for the order parameter.
Quasiparticle wave packet in second quantization formal-
ism.—In order for a semiclassical theory of superconduct-
ing quasiparticles to be feasible, we assume that all the pos-
sible inhomogeneities in the considered system are smooth
in the spread of a quasiparticle wave packet, whose cen-
ter position is marked as rc . For example, in the mixed
states of type-II superconductors, we focus only on the re-
gion far away from the vortex core, where the pairing po-
tential can be perceived as slowly varying. A local Hamil-
tonian description of the wave packet hence emerges, namely
Hc =
∫
drc†σr (hˆc−µ)cσr−
∫
drdr ′g(rc, r−r ′)c†↑rc†↓r′c↓r′c↑r ,
where c†σr is the creation operator for an electron with spin
σ(=↑, ↓) at position r , hˆc ≡ h0 (r , − i∇r − eA(rc, t); {βi(rc)})
is the spin degenerate single-electron Hamiltonian in the local
approximation (set ~ = 1), µ is the chemical potential, and g is
the effective attractive interaction between electrons. We only
consider spin-singlet superconductors with intraband pairing
and without spin-orbit coupling. The slowly varying pertur-
bation fields {βi} (i = 1, 2, ..) and the electromagnetic vector
potential A are represented by their values at rc . hˆc possesses
local eigenfunctions eieA(rc,t)·rψnσk;rc (r), where ψnσk;rc (r)
are the local Bloch functions of h0 (r , − i∇r ; {βi(rc)}), with
local Bloch bands ξnk;rc . Here n and k are the indices for band
(with two-fold spin degeneracy) and wave-vector, respectively,
and rc enters in the eigenstates parametrically as a character
of the local description.
The interaction term can be treated within a mean-field
approach, ending with [23]
Hc =
∑
nσk
Enk;rcγ
†
nσk;rc
γnσk;rc , (1)
where the creation/anihilation operators for the local eigen-
state are introduced by the Bogoliubov transformation, e.g.,
γ†
n↑k;rc = µ
∗
nk;rc c
†
n↑k;rc − ν∗nk;rc cn↓−k;rc . Here c
†
nσk;rc =∫
dreieA(rc,t)·rψnσk;rc (r)c†σr creates the local Bloch eigen-
states of hˆc , whereas (µnk;rc , νnk;rc )T and Enk;rc =√
ξ2
nk;rc
+ |∆nk;rc |2 are the Bogoliubov wavefunction in this
local Bloch representation and the eigenenergy, respectively,
and∆nk;rc is the localmomentum-space superconducting pair-
ing function. The quasiparticle operators not only define the
excitations of the local Hamiltonian, but also determine the
ground state of the local Hamiltonian with annihilation opera-
tors |G〉 = N∏nσk γnσk;rc |0〉. Here N is the normalization
factor and |0〉 is the vacuum for electrons.
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2Now we construct a quasiparticle wave packet centered
around (rc, kc) with the local creation operators acting on
the superconducting ground state:
|Ψn↑(rc, kc, t)〉 =
∫
[dk]α(k, t)γ†
n↑k;rc |G〉, (2)
where
∫
[dk] is shorthand for
∫
dmk/(2pi)m withm the dimen-
sion of the system. The envelope function α(k, t) is sharply
distributed in reciprocal space so that it makes sense to speak
of the wave-vector kc =
∫
[dk]|α(k, t)|2k of the wave packet.
We only demonstrate the spin-up wave packet, as the spin-
down case can be easily extrapolated.
Spin center and charge dipole of the wave packet.—For
Bloch electrons the wave-packet center is simply the charge
center [24]. However, superconducting quasiparticles are
momentum-dependent mixture of electrons and holes and
thereby do not possess definite charges, rendering the charge
center ill defined. On the other hand, spin is a conserved
quantity in the absence of spin-orbit coupling, hence the spin
center serves physically as the center of a wave packet. For
this purpose we consider the spin density operator Sˆ(r) =
c†↑,rc↑,r − c†↓,rc↓,r , and calculate its wave-packet averaging
S(r) = 〈Ψ|Sˆ(r)|Ψ〉 − 〈G |Sˆ(r)|G〉. This gives the distribu-
tion of spin on the wave packet, and its center, the spin center,
is given by [23]
rc ≡
∫
drS(r)r = ∂γc
∂kc
+ 〈φ|i∇kcφ〉 − ρc∇kc θc, (3)
where θc = 12 arg∆nkc ;rc is related to the phase of the super-
conducting order parameter, ρc = ξnkc ;rc /Enkc ;rc measures
the non-conserved charge of the quasiparticles, |φ〉 is the peri-
odic part of the Bloch state |ψnσkc ;rc 〉, and γc = − argα(kc, t)
is the phase of the envelope function. The Berry connections
contain not only the Bloch part Ab
kc
= 〈φ|i∇kcφ〉 from the
single-electron band structure, but also the superconducting
part Asc
kc
= −ρc∇kc θc from the momentum dependence of
the superconducting order parameter.
The spin center is not sufficient to describe the coupling
of quasiparticles with electromagnetic fields, which would in-
evitably involve information on the charge distribution upon
the spread of awave packet. Since the charge distribution is not
centered at rc , there should be a charge dipole moment asso-
ciated with a wave packet. Indeed one can consider the charge
density operator Qˆ(r) = e(c†↑rc↑r+c†↓rc↓r ), and its wave-packet
averagingQ(r) = 〈Ψ|Qˆ(r)|Ψ〉−〈G |Qˆ(r)|G〉 provides a proper
definition for the charge dipole moment [23]
d ≡
∫
drQ(r)(r − rc) = e(ρ2c − 1)
∂θc
∂kc
. (4)
It is nonzero only in the case of a momentum dependent
phase of superconducting order parameter. Furthermore, if
the external-field-free system has either time-reversal or spa-
tial inversion symmetry, d is an odd function in momentum
space, as can be inspected from the semiclassical equations of
motion proposed later.
Berry curvatures and semiclassical dynamics.–The distinc-
tive properties of the wave packet are anticipated to strongly
affect its semiclassical dynamics determined by theLagrangian
L = 〈Ψ|i ddt −Hˆc |Ψ〉−〈G |i ddt −Hˆc |G〉 [14], and should be em-
bodied in various Berry curvatures characterizing the dynam-
ical structure. Adopting the circular gauge A(rc) = 12B × rc ,
which is suitable for the approximately uniform magnetic field
in regions far away from vortex lines, after some algebra we
get [23] (hereafter the wave packet center label c is omitted for
simplicity):
L = −E+ k · Ûr+(Abr − ρvs+B× d) · Ûr+(Abk − ρ∇kθ) · Ûk . (5)
Here the coupling of the wave packet to the magnetic field
involves the charge dipole and gives B × d. Besides, vs =
∇rθ − eA is half of the gauge invariant supercurrent velocity,
and Abr = 〈φ|i∇rφ〉 is the real-space Berry connection of the
single-electron wave function.
The structure of the Lagrangian implies that the total Berry
connections in the momentum and real space take the forms
of Ak = Abk − ρ∇kθ and Ar = Abr − ρvs + B × d, re-
spectively. Various Berry curvatures are then formed as
Ωλαλβ = ∂λαAλβ − ∂λβAλα , where λ = r , k, and α and
β are Cartesian indices. In particular, Ωkαkβ and Ωrαrβ are
anti-symmetric tensors with respect to (α, β), whose vector
forms read respectively
Ωk = i〈∇kφ| × |∇kφ〉 − ∇k ρ × ∇kθ (6)
and
Ωr = i〈∇rφ| × |∇rφ〉 + eρB − ∇r ρ × vs + ∇r × (B × d). (7)
One can readily verify that the above Ωk coincides with that
obtained from the Bogoliubov-de Gennes equation [12]. The
first terms in these two equations are the familiar Berry curva-
tures from the single-electron band structure [14], while other
terms involves superconductivity. Moreover, the characteris-
tics of superconductors, i.e., the charge non-conservation and
the resultant charge dipole of wave packet and the real-space
supercurrent, are embedded in the last three terms of Ωr .
Regarding the phase-space Berry curvature Ωkr , there are
remarkable qualitative differences from that for Bloch elec-
trons, namely Ωkr = 0 and Ωkr , 0 respectively in normal
states and superconducting states subjected to scalar perturba-
tions. The underlying physics is that the scalar perturbation in
the electronic Hamiltonian is endowed with a spin structure in
the Nambu space where the quasiparticles live. Thus the usual
scalar field felt by electrons is no longer scalar for supercon-
ducting quasiparticles. Nonzero Ωkr will play a vital role in
a number of experimental measurables [14]. For example, in
the presence of pure magnetic perturbations, its trace reads
Tr[Ωkr ] = −∇k ρ · vs − eρB · (∇k ρ × ∇kθ). (8)
As will be shown later, this trace of the Berry-curvature tensor
plays an important role in the geometric modulations to the
quasiparticle local density of states [14].
3With the above Berry curvatures, the Euler-Lagrange equa-
tions of motion for superconducting quasiparticles possess the
same noncanonical structure as for Bloch electrons [13, 14].
Having realized this, we neglect the Berry curvatures from
Bloch band structures for simplicity and focus on those orig-
inated from superconductivity. Thus the equations of motion
read:
Ûr = ∇kE + Ûk × ∇k ρ × ∇kθ + ∇k (Ûr · (ρvs − B × d)) − Ûr · ∇r (ρ∇kθ), (9)
Ûk = −∇rE + Ûr × (eρB − ∇r ρ × vs + ∇r × (B × d)) + ∇r (ρ Ûk · ∇kθ).
In the absence of superconductivity, ρ = 1, d = 0, and θ =
0, hence the equations of motion reduce to the usual ones
for electrons [13]. It is also worthwhile to mention that, for
trivial superconducting pairing, the momentum-space Berry
connection vanishes but the real-space one may still survive
due to the supercurrent velocity: Ar = −ρvs . The resulting
Berry curvature in real space is given byΩr = eρB+∇r ρ×vs .
The equations of motion describe the quasiparticle dynamics
subjected to background super-flow, and take a similar form to
those for bosonic Bogoliubov quasiparticles in a Bose-Einstein
condensate with a vortex [25].
Equation (9) is the central result of this work. It provides a
framework to understand quasiparticle dynamics in supercon-
ductors subjected to various perturbations. In the following,
we apply this semiclassical theory to calculate several proper-
ties of superconductors.
Density of states.–A most direct consequence of the Berry
curvatures appearing in the equations of motion is the break-
down of the phase-space volume conservation. As a result, the
phase-space measureD(r , k) is modified by Berry curvatures
[16], which to the first order of the spatial inhomogeneity can
be expressed as
D(r , k) = 1 + TrΩkr −Ωr ·Ωk . (10)
The modification may originate from various perturbations,
such as the supercurrent and magnetic field. We note that
∂D/∂B = 0 since the relevant terms in TrΩkr and Ωr · Ωk
cancel each other, in sharp contrast to the case of Bloch elec-
trons [16].
D would influence the quasiparticle local density of states
n(r, ω), which is just the integration of the phase-space volume
with the fixed quasiparticle energy E ,
n(r, ω) =
∫
[dk]D(r , k)(|µ|2δ(ω − Er,k ) + |ν |2δ(ω + Er,k )).
(11)
This quasiparticle density of states is proportional to the differ-
ential conductancewhich can be directlymeasured by scanning
tunneling microscopy [26]. For instance, in the case of a small
supercurrent, we have D = 1 − ∇k ρ · vs according to Eq. (8),
which gives the modulation part as
δn(r, ω) = −
∫
[dk]vs ·∇k ρ(|µ|2δ(ω−Er,k )+ |ν |2δ(ω+Er,k )),
(12)
where δn = n−n0with n0 =
∫
[dk]((|µ|2δ(ω−Er,k )+ |ν |2δ(ω+
Er,k )) being the local density of states given by the conven-
tional formula. This modification to the density of states de-
pends on the direction of the supercurrent, hence could be
experimentally verified by injecting supercurrent on different
directions.
Thermal transport.– The semiclassical theory can also be
employed to study the transport properties in superconduc-
tors such as the intrinsic thermal Hall effect. Compared to
the Green’s function method [27, 28], the semiclassical theory
has an advantage of subtracting conveniently the circulating
magnetization current without a detailed calculation of the en-
ergy magnetization [29]. Here we sketch the key steps from
the semiclassical equations towards the thermal Hall trans-
port. We start from the semiclassical expression for the lo-
cal energy current density jQ =
∫
[dk]D(k) f (E,T) E Ûr [30]
where f (E,T) is the Fermi-Dirac distribution at temperature
T . Then we substitute the equation of motion for Ûr [31], and
find jQ = −∇T × ∂∂T
∫
[dk]hΩk + ∇ ×
∫
[dk]hΩk where we
introduce the auxiliary function h (E,T) = −
∫ ∞
E
dη f (η,T) η.
Now the second term is exactly a circulating current which
should be discounted, leaving the transport current jQ,tr =∫
[dk] ∂h∂TΩk × ∇T . The Hall response of this current is given
by
κxy =
2
T
∫
dηη2 f ′ (η,T)
∫
Ek<η
[dk](Ωk )z . (13)
The formula can also be extended to include the ground state
contribution since the ground state can be viewed as the full
occupation of ’quasi-holes’. At the zero temperature limit, one
has κ0 = piC1k2BT/6~ with Chern number C1, which agrees
with previous calculations based on edge-state analysis [32].
Model illustration: twisted-bilayer graphene with d + id
superconductivity.– To illustrate the application of the semi-
classical theory, we consider the twisted-bilayer graphene sys-
tem which has been proposed to support a topological chiral
d-wave superconducting state [33–36]. We take the effective
four-band tight-binding Hamiltonian to describe the system
[22],
Hˆ0= −µ
∑
i
c˜†i c˜i + t1
∑
〈i, j 〉
c˜†i c˜j + t2
∑
[i, j]
c˜†i c˜j
+t3
∑
[i, j]
c˜†i [iσy ⊗ σ0]c˜j + h.c. (14)
4where c˜†i ≡ (c†i,x,↑, c†i,y,↑, c†i,x,↓, c†i,y,↓) is the electron creation
operator with two distinct orbitals α = (px, py), σy is the Pauli
matrix, σ0 is the identity matrix, ti (i = 1, 2, 3) are hopping
parameters, and 〈i, j〉 and [i, j] represent the summations over
the three nearest neighbor lattice vectors and over the second-
nearest neighbors within the same sublattice, respectively. We
diagonalize this Hamiltonian and take the band with the dis-
persion function
ξ(k) = −|t1h1(k)| + 2t2h2(k) + 2t3h3(k) − µ, (15)
where h1(k) = 1 + 2ei 32 kx cos(
√
3
2 ky) is from the nearest-
neighbor hopping, h2(k) = cos(3kx) + cos(− 32 kx + 3
√
3
2 ky) +
cos(− 32 kx− 3
√
3
2 ky) and h3(k) = sin(3kx)+sin(− 32 kx+ 3
√
3
2 ky)+
sin(− 32 kx − 3
√
3
2 ky) are from the next nearest-neighbor hop-
ping. Superconductivity in twisted bilayer graphene with
dx2−y2 + idxy pairing symmetry can be described by the super-
conducting gap function in the form of [3, 37, 38]
∆(k) =
3∑
i=1
∆i cos(k · Ri − ϕk ), (16)
where (∆1,∆2,∆3) ≡
√
1
6 (2∆,−∆ + i
√
3∆′,−∆ − i√3∆′) with
∆ and ∆′ being the superconducting gap amplitudes for dx2−y2
and dxy pairing, respectively, ϕk = arg[h1(k)] is the phase
of the nearest-neighbor hopping, and Ri are the three nearest-
neighbor lattice vectors.
Now we can calculate the momentum-space Berry curva-
ture by Eq. (6) for this tight-binding model. In Figure 1a, we
demonstrate the Berry curvature with typical band parameters
given in Ref. [22] and symmetric dx2−y2 and dxy gaps. The
band structure of the tight-binding model has trivial topol-
ogy, and the Berry curvatures are entirely contributed by the
superconducting gap function. Because of the particle-hole
symmetry in superconductors, the Berry curvatures concen-
trate around the Fermi surface. This is clearly shown in Fig.
1a., where the Berry curvature has symmetric peaks reflecting
the D3 symmetry of the lattice structure and the gap function.
In Fig. 1b we show the result with asymmetric d and id pairing
gaps. For this case the superconducting gap breaks the rota-
tional symmetry, leaving only the reflectional symmetry with
respect to the kx-axis for the Berry curvature distribution.
As a simple example, we study the density of states modula-
tion due to a supercurrent which could originate from injected
current or from superconducting vortex. As shown in Fig. 1c,
the obtained modulation δn is quite considerable in compari-
son with the non-perturbed density of states n0. We also note
that this modulation depends on both the amplitudes and the
direction of the supercurrent, and can have much richer pattern
if other perturbations are introduced.
We also calculate the intrinsic thermal Hall transport of
the toy model, demonstrating the temperature dependence of
the thermal Hall conductivity, with κ0 as its zero temperature
value. As shown in Fig. 1d, the ratio of the thermal Hall
conductivity to κ0 has a near exponential dependence on the
(b)
(c) (d)
𝛿𝛿𝛿𝛿(𝜔𝜔))
𝛿𝛿0(𝜔𝜔))
(a)
FIG. 1. Berry curvatures of the tight-binding model for twisted-
bilayer graphene with (a) symmetric dx2−y2 and idxy superconduct-
ing gaps ∆ = ∆′ and (b) asymmetric superconducting gaps ∆ = 2∆′.
Model parameters are taken as t2/t1 = 0.05, t3/t1 = 0.2, µ = −0.9t1
and ∆/t1 = 0.1. (c) Berry curvature modification to the quasiparticle
density of states δn(ω) (solid line) with a constant supercurrent of
∇r θ =
√
2pi
10a xˆ. The conventional density of states n0(ω) is demon-
strated for comparison (dashed line). (d) The thermal Hall conductiv-
ity as a function of temperature. Parameters for (c) and (d) are taken
the same as those for (a).
temperature at the low temperature regime, and becomes an
approximated linear function at higher temperatures. These
features would be helpful for identifying the d + id paring in
twisted-bilayer graphene systems.
Finally, we note that the results shown in Fig. 1 are ob-
tained with a single band, while for the tight-binding model
there are two bands intersecting with the chemical potential.
The thermal conductance from the two bands are exactly the
same, while the modulations to the local density of states have
a sign reversal and a resultant cancellation. In order to observe
the modulation to the local density of states in twisted-bilayer
graphene system, band or momentum resolved tunneling ex-
periments are required.
In summary, we derived the semiclassical equations of mo-
tion for superconducting quasiparticle wave packets, and iden-
tified various Berry curvature contributions in momentum
space, real space as well as phase space. We demonstrated
the power of the theory with examples such as the density of
states modulation and the thermal Hall transport, and applied
the theory to study the twisted-bilayer graphene system. Our
theory opens up a new route to study rich Berry-phase effects
on equilibrium and transport properties of superconducting
quasiparticles.
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